Abstract. It turns out that complex geodesics in Teichmüller spaces with respect to their invariant metrics are intrinsically connected with variational calculus for univalent functions.
So an important and still open question is how about the Carathéodory metric of T : does it also coincide with the Teichmüller metric? Our first theorem yields a positive answer for both spaces T and T 1 . Let T denote either from these spaces. This was known only for the universal Teichmüller space and underlies various applications. A new proof for this space is given in [22] . Its arguments (based on plurisubharmonic features and geometry of the Grunsky operator on univalent functions) can be extended to the second space T 1 . Since Theorem 1.1 underlies all other results of this paper, we present here its proof in the lines of [22] focusing mainly on the new case T = T 1 .
Recall that the universal Teichmüller space T = T(D) is the space of quasisymmetric homeomorphisms of the unit circle S 1 = ∂D quotiented by Möbius maps. The canonical complex Banach structure on T is defined by the quotient of the ball of Beltrami coefficients Belt(D) 1 = {µ ∈ L ∞ (C) : µ|D * = 0, µ < 1}, letting µ, ν ∈ Belt(D) 1 be equivalent if the corresponding quasiconformal maps f µ , f ν ∈ Σ 0 coincide on S 1 and passing to Schwarzian derivatives
Here Σ 0 denotes the collection of univalent functions The space T 1 = T(D 0 ) is canonically isomorphic to the subspace T(Γ) = T ∩ B(Γ), where Γ is a cyclic parabolic Fuchsian group in D uniformizing the punctured disk D 0 and B(Γ) = {ϕ ∈ B : (ϕ • γ)(γ ′ ) 2 = ϕ, γ ∈ Γ} in D * .
By [1] , this space is biholomorphically equivalent to the Bers fiber space F(T) over universal Teichmüller space, which underlies the proof of Theorem 1.1 for T 1 .
Complex geodesics.
If X is a domain in a complex Banach space E endowed with a pseudodistance ρ X , then a holomorphic map h : D → X is called a complex ρ-geodesic if there exist t 1 = t 2 in D such that d D (t 1 , t 2 ) = ρ X (h(t 1 ), h(t 2 ));
one says also that the points h(t 1 ) and h(t 2 ) can be joined by a complex ρ-geodesic (see [40] ). If h is a complex c X -geodesic then it also is d X -geodesic and the above equality holds for all points t 1 , t 2 ∈ D, so h(D) is a holomorphic disk in X hyperbolically isometric to D.
The second basic theorem follows from Theorem 1.1 and the properties of extremal quasiconformal maps. (ii) For any point ϕ ∈ T and any nonzero tangent vector v at this point, there exists at least one complex geodesic h : D → T such that h(0) = ϕ and h ′ (0) is collinear to v.
1.3. The coincidence of invariant metrics and existence of complex geodesics was known only for convex domains in dual Banach spaces (see [3] ). Duality is needed to apply the Alaoglu-Banach theorem. Theorem 1.1 implies, together with the definition of complex geodesics, that these geodesics in T are the Teichmüller geodesic disks in this space.
Such disks are uniquely determined for Strebel points; on the other hand, Tanigawa constructed in [38] the extremal Beltrami coefficients µ 0 with nonconstant |µ 0 (z)| < µ 0 ∞ on a set of positive measure for which there exist infinitely many distinct geodesic segments in the universal Teichmüller space T joining the points φ T (0) and φ T (µ 0 ). All these segments belong to different complex geodesics joining the indicated points.
Proof of Theorem 1.1
The proof of this underlying theorem involves essentially the properties of the Grunsky coefficients of univalent functions. As an important consequence of this theorem, one obtain Theorem 1.2 on complex geodesics of these metrics which will be applied to variational calculus. 1 0 . Auxiliary lemmas. Consider the space Σ 0 of the univalent C-holomorphic functions f (z) = z + b 0 + b 1 z −1 + . . . on the disk D * with quasiconformal extension to C satisfying f (1) = 1. Their Grunsky coefficients α mn are defined via
choosing the branch of the logarithmic function which vanishes as z = ζ → ∞. The quantity
where the supremum is taken over the points of the unit sphere S(l 2 ) = { x = 1} in the Hilbert space of sequences x = (x n ) with x 2 = ∞ 1 |x n | 2 , is called the Grunsky norm of f , and by a result of Grunsky [11] the inequality κ(f ) ≤ 1 is the necessary and sufficient condition for univalence of f in the disk D * . The coefficients α mn are polynomials of the initial Taylor coefficients b 1 , b 2 , . . . , b m+n 1 , . . . of f , hence depend holomorphically on Beltrami differentials µ ∈ Belt(D) 1 and on the Schwarzian derivatives S f ∈ B of these functions (see, e.g., [8] , [15] ). This generates for a fixed x = (x n ) ∈ S(l 2 ) the holomorphic map 2) and sup x∈S(l 2 ) |h x (S f )| = κ(f ). Both the Teichmüller and Grunsky norms of f are continuous plurisubharmonic functions of S f on T (see, e.g. [18] , [21] ). Note that the convergence and holomorphy of the series (2.1) simply follow from the inequalities
(for any finite M, N ) which, in turn, are a consequence of the classical area theorem (see, e.g., [30, p. 61 
]).
Let A 1 (D) be the subspace of L 1 (D) formed by holomorphic functions in D, and
this set consists of the integrable holomorphic functions on D having only zeros of even order. In fact, all ψ ∈ A 2 1 are of the form
. The Grunsky norm of every f ∈ Σ 0 is dominated by its Teichmüller norm, i.e., κ(f ) ≤ k(f ) [25] . We shall need a stronger estimate given by
3) and the last equality is equivalent to κ(f ) = k(f ). Moreover, for small µ ∞ ,
with the same supremum as in (2.3). If κ(f ) = k(f ) and the equivalence class of f (the collection of maps equal f on S 1 = ∂D * ) is a Strebel point, then µ 0 is necessarily of the form
Geometrically, the equality (2.3) means the equality of the Carathéodory and Teichmüller distances on the geodesic disk
(compare with Kra's theorem for finite dimensional Teichmüller spaces [14] ).
For functions f ∈ Σ 0 holomorphic in the closed disk D * , the relation (2.4) was also obtained (by a different method) in [27] .
One defines for f ∈ Σ 0 the complex homotopy
Then S ft (z) = t −2 S f (t −1 z), and moreover, this point-wise map determines a holomorphic map
The homotopy disks D(S f ) = β f (D) have only cuspidal critical points (are branched simply connected Riemann surfaces placed in T) and foliate the space T. Each homotopy map f t admits an extremal extension to D of Teichmüller type with dilatation k(f t ) ≤ k(f )|t| 2 . This bound is sharp and is improved for
The following lemma belongs to Kühnau [27] , see also [24, Section 6] .
Lemma 2.2. In the case b 1 = 0, there holds for sufficiently small |t| ≤ r 0 (f ) the equality κ(f t ) = k(f t ).
Indeed, due to [27] , for small |t| the extremal quasiconformal extension of f t to D is defined by a nonvanishing holomorphic quadratic differential. Generically, r 0 (f ) < 1, which is connected with critical points of the homotopy disk.
It suffices to prove the theorem for the set of S f ∈ T such that b 1 = 0 which is open and dense in T.
The following lemma is a special case of a local existence theorem from [15] .
Lemma 2.3. Let D be a simply connected domain on the Riemann sphere C. Assume that there are a set E of positive two-dimensional Lebesgue measure and a finite number of points z 1 , z 2 , ..., z m distinguished in D. Let α 1 , α 2 , ..., α m be non-negative integers assigned to z 1 , z 2 , ..., z m , respectively, so that α j = 0 if z j ∈ E. Then, for a sufficiently small ε 0 > 0 and ε ∈ (0, ε 0 ), and for any given collection of numbers w sj , s = 0, 1, ..., α j , j = 1, 2, ..., m which satisfy the conditions w 0j ∈ D,
there exists a quasiconformal self-map h of D which is conformal on D \ E and satisfies
The constants ε 0 and M depend only upon the sets D, E and the vectors (z 1 , ..., z m ) and (α 1 , ..., α m ).
If the boundary ∂D is Jordan or is C l+α -smooth, where 0 < α < 1 and l ≥ 1, we can also take z j ∈ ∂D with α j = 0 or α j ≤ l, respectively.
The following lemma relies on classical results on compactness in the dual week * topology and is a consequence of the Alaoglu-Bourbaki theorem.
Lemma 2.4. Let Y be reflexive and let Ω be a bounded set in Hol(G, Y ). Then any sequence from Ω contains a subsequence which weakly converges to a holomorphic map from G to Y .
Hence, the compactness (strong or weak) is actually required only for the image of G in Y under a given family of maps.
In our case Y = C, and for each x ∈ T its orbit h(x) is located in the unit disk which is compact. This implies that for any point x 0 from T there exists a holomorphic map h 0 : T → D with h 0 (0) = 0 and
Consider for the Schwarzians S f ∈ T their homotopy disks ∆(S f ). It follows from Lemmas 2.1 and 2.2 that for small |t| ≤ r 0 (f ),
and similarly for the corresponding infinitesimal metrics. Our goal now is to extend this equality to all points of ∆(S f ). We first illustrate the arguments on the universal Teichmüller space T. The proof for the space T 1 = T(D 0 ) will be given separately in the next step.
Consider in the tangent bundle T (T) = T × B the holomorphic disks D(S f ) over the homotopy disk of f formed by the points (ϕ t , v), where v = φ ′ T [ϕ t ]µ ∈ B is a tangent vector to T at the point ϕ t = S ft , and µ runs over the ball
Here D ϕ and D * ϕ denote the images of D and D * under f = f ϕ ∈ Σ 0 with S f = ϕ. Pick the unit tangent vectors v to T at the origin and holomorphic maps h v : T → D with h v (0) = 0 and maximal lengths |d h v (0)v| = C T (0, v) (given by Lemma 2.4) and apply these maps to pulling back the hyperbolic metric on the unit disk
of Gaussian curvature −4 onto the disks D(S f ). Then we obtain on these disks the logarithmically subharmonic metrics ds = λ hv (t)|dt| with
having Gaussian curvature −4 at noncritical points. The upper envelope of these metrics
followed by its upper semicontinuous regularization depends only on the points ϕ ∈ T, hence it descends to a logarithmically subharmonic metric λ 0 on the underlying disk D(S f ). The underlying metric λ 0 has at each of its noncritical point t 0 a supporting metric of curvature −4, thus the generalized Gaussian curvature of λ 0 satisfies κ λ 0 ≤ −4, or equivalently,
Here ∆ means the generalized Laplacian ∆λ(t) = 4 lim inf
Now the metrics λ C and λ K can be compared on the disk D(S f ) by Minda's maximum principle for solutions of (2.8) given by Lemma 2.5. [29] If a function u : Ω → [−∞, +∞) is upper semicontinuous in a domain Ω ⊂ C and its generalized Laplacian satisfies the inequality ∆u(z) ≥ Ku(z) with some positive constant K at any point z ∈ Ω, where u(z) > −∞, and if lim sup
It is applied to the ratio u = log(λ C /λ K ) = log λ C − log λ K . One needs to consider only the points S ft with |t| > r 0 . In view of the upper semicontinuity of both metrics the set U 0 of points t ∈ D, |t| > r 0 , where λ C (t) < λ K (t), is open. Arguing similar to [29] , one derives from (2.6) and Lemma 2.5 that λ C = λ K on U 0 . Continuing in a similar way, one extends this equality first to all noncritical points of the disk D(S f ) and then by continuity of metrics to the whole homotopy disk. This also provides the equality of the global distances c T and d T on this disk. Now, by applying the infinitesimal analog of Montel's normality theorem and Lemma 2.4, one gets, letting t → 1,
The case of two arbitrary points ϕ 1 , ϕ 2 ∈ T is reduced to (2.9) in a standard way using the right translations of Belt(D) 1 . The details will be given in the next step.
Remark. We have distinguished in the above proof the canonical disk D * as the base point of T.
In fact, the arguments work for any other base point (quasidisk D * ) of this space. Accordingly, one can define by (2.1) the generalized Grunsky coefficients α mn (f ) for univalent functions f (z) in this quasidisk D * and construct similar to (2.2) the holomorphic maps h x (S f ) : T → D moving the base point D * into the origin (see [22] ).
3 0 . Proof for the space T 1 . First recall that the elements of the space T 1 = T(D \ {0}) are the equivalence classes of Beltrami coefficients µ ∈ Belt(D) 1 so that the corresponding quasiconformal automorphisms w µ of the unit disk coincide on both boundary components (unit circle S 1 and the puncture z = 0) and are homotopic on D \ {0}. This space can be endowed with a canonical complex structure of a complex Banach manifold and embedded into T using uniformization. Namely, the punctured disk D \ {0}) is conformally equivalent to the factor D/Γ, where Γ is a cyclic parabolic Fuchsian group acting discontinuously on D and D * . The functions µ ∈ L ∞ (D) are lifted to D as the Beltrami (−1, 1)-measurable forms µdz/dz in D with respect to Γ, i.e., via
We extend these µ by zero to D * and consider the unit ball Belt(D, Γ) 1 of L ∞ (D, Γ). Then the corresponding Schwarzians S w µ |D * belong to T. Moreover, T 1 is canonically isomorphic to the subspace
Due to the Bers isomorphism theorem, the space T 1 is biholomorphically equivalent to the Bers fiber space
over the universal Teichmüller space with holomorphic projection π(ψ, z) = ψ (see [1] ). This fiber space is a bounded domain in B × C.
Note that now the admissible quadratic differentials defining Teichmüller extremal coefficients µ 0 ∈ Belt(D) 1 must be integrable and holomorphic only on D \ {0}, thus can have simple pole at z = 0, i.e., µ 0 = k|ψ 0 |/ψ 0 with
To prove the theorem for the space T 1 , we establish the equality of invariant metrics on this fiber space. We again model the space T as a domain in the space B formed by the Schwarzians S f µ of functions f µ ∈ Σ 0 .
We associate with f µ the odd function
whose Grunsky coefficients α mn (Rf µ ) are represented as polynomials of the first Taylor coefficients of the original function f µ and of a = f µ (0). Hence, α mn (Rf µ ) depend holomorphically on the Schwarzians ϕ = S f µ ∈ T and on values f µ (0), i.e., on pairs X = (ϕ, a) which are the points of the fiber space F(T). This joint holomorphy follows from Hartog's theorem on separately holomorphic functions extended to Banach domains. The square root transform act on quadratic differentials ψ 0 dz 2 via
so one can apply to Rf µ Lemmma 2.2. We construct by (2.2) for Rf µ the corresponding holomorphic functions
mapping the domain F(T) to the unit disk and satisfying
Using Lemma 2.3, we can now restrict ourselves by f ∈ Σ 0 with
Indeed, there exists by this lemma a quasiconformal automorphisms W ε of the plane C, which is conformal outside a domain E located in a neighborhood of the infinity point, and satisfies
is conformal outside a small neighborhood of the origin, and for any f ∈ Σ 0 with f (0) = b 0 the compozed map g ε • f satisfies (2.12). For f satisfying (2.12), we have by (2.10) b 1 (Rf ) = 0, and Lemma 2.2 yields
Put X f = (S f , f (0)) and consider in F(T) the homotopy disks
It follows from (2.11) and (2.13) that for all |t| ≤ r * ,
Now, arguing similar to the case 2 0 , one extends these equalities to all |t| < 1 and then to the initial point X = (S f , f (0). Since the spaces T 1 and F(T) are biholomorphically equivalent, the corresponding metrics on T 1 obey similar relations, which provides that for any point X ∈ T 1 its distance from the base point X 0 in any invariant (no-expanding) metric is equal to the Teichmüller distance
(2.14)
It remains to establish the equality of distances between two arbitrary points X 1 , X 2 in T 1 .
To reduce this case to (2.14), we uniformize the base point X 0 = D \ {0} (with fixed homotopy class) of this space by a cyclic parabolic Fuchsian group Γ 0 acting on the unit disk (using the universal covering π : D → X 0 with π(0) = 0) and embed the space T 1 holomorphically into T via
(where the equivalence relation commutate with the homotopy of quasiconformal homeomorphisms of the surfaces). This preserves all invariant distances on T 1 . Now, fix a Beltrami coefficient µ ∈ Belt(D, Γ 0 ) 1 so that X 1 = w ν (X 0 ) as marked surfaces (i.e., with prescribed homotopy classes) and apply the change rule for Beltrami coefficients: for any µ, ν ∈ Belt(C) 1 , the solutions w µ of the corresponding Beltrami equation
where
Thus, for ν fixed, σ ν (µ) depends holomorphically on µ as a map defining the space T 1 (with base point X 1 ). Thus σ µ descends to a holomorphic bijective map σ µ of the space T 1 onto itself, which implies the Teichmüller isometry
and similar admissible isometries for the Carathéodory and Kobayashi distances and their equality. The case of infinitesimal metrics on T is investigated in a similar way, which completes the proof of the theorem. 
Consider on this class a holomorphic (continuous and Gâteaux C-differentiable) functional J(f ), which means that for any f ∈ Σ 0 (D * ) and small t ∈ C,
in the topology of uniform convergence on compact sets in D * . Here J ′ f (h) is a C-linear functional which is lifted to the strong (Fréchet) derivative of J in the norms of both spacesL ∞ (D) and B(D * ) (cf., e.g., [13, Ch. 3] ). Any such functional J is represented by a complex Borel measure on C and extends thereby to all holomorphic functions on D * (cf. [35] ).
We shall also use the notation J(µ) = J(f µ ); the functional J is holomorphic on the ball Belt(D) 1 .
In the class Σ 0 (D * ), we have a variational formula representing the maps with close Beltrami coefficients. This variation is represented via
with kernel
where g 1 (ζ) is a rational function determined by the normalization conditions, and the ratio O( µ 2 ∞ )/ µ 2 ∞ remains uniformly bounded on C as µ ∞ → 0 (see, e.g., [15] ). In particular, in our case,
and a neighborhood of the identity map id is filled by the maps
This yields the corresponding functional derivative of J at the origin
The notation for the kernel g(id, z) applied here and below relates to the fact that after the change ζ = f ν (Z) with ν running over the set X of Beltrami coefficients from Belt(C) 1 preserving the domain D, one obtains for any fixed finite z ∈ D * a continuous (and real analytic) functionaľ
We assume that the functional derivative (3.2) is meromorphic on C and has in the domain D only a finite number of the simple poles (hence ψ 0 is integrable over D). This holds, in particular, for the general distortion functionals of the form
with grad J(0) = 0, where z 1 , . . . , z p are distinct fixed points in D * with assigned orders α 1 , . . . , α p and a is a fixed point in the domain of quasiconformality D. In this case, one derives, representing f by (3.1), that ψ 0 is a rational function
The above theorems on complex geodesics provide a general distortion theorem which sheds light on underlying features and, on the other hand, implies the sharp explicit bounds. (ii) Conversely, if a functional J is bounded via (3.4) for 0 < k ≤ k 0 (J) with some k 0 (J) > 0, then up to rescaling (multiplying J by a positive constant factor),
where F is holomorphic on T 1 and its renormalization F(ϕ) = F(ϕ)/ sup ϕ∈T 1 |F(ϕ)| is the defining map for the disk D(µ 0 ) as a c T 1 -geodesic in the space T 1 with the base point representing the punctured quasidisk D \ {a}.
Proof. For certain specific functionals J, such a theorem was proved in [17] , [19] , [20] . The proof in the general case follows the same lines and essentially involves Theorem 1.2. Without loss of generality, one can assume that J(id) = 0. First we mention the important facts concerning the projections of norm 1 in Banach spaces given in the auxiliary Lemmas 4.1 and 4.2, the proof of which can be found in [5] .
Let V be a complex Banach space with norm · differentiable on V \ {0}, and suppose that
for every fixed v = 0 it is a bounded linear functional on V .
Lemma 3.2. Let W be a non-trivial closed (complex) subspace of V , and let W ′ be the closed subspace
There is a projection P of norm 1 from V onto W if and only if W ′ is a complementary subspace to W , that is W ⊕ W ′ = V . Further, if P exists, it is unique and its kernel is W ′ .
The next lemma is a straightforward modification of the corresponding lemmas of Royden [33] and of Earle and Kra [5] .
Let a 1 , a 2 , . . . , a n be distinguished points of a domain D C, and let ϕ and ψ be L 1 functions on D, holomorphic and nonzero for z ∈ D \ {a 1 , a 2 , . . . , a n }. Denote the orders of the functions ϕ and psi at the points a j by α j and β j , respectively (α j , β j ≥ −1). For real t, we consider the function
Lemma 3.3. The function h(t) is differentiable near t = 0, and
Moreover, if α j ≤ 2β j +1 for all j = 1, . . . , n, then the second derivative h ′′ (0) exists. If α j > 2β j +1 for some j, then
where all the c j are positive constants, and
Note that the equality (3.6) is obtained by applying Lebesgue's theorem of dominant convergence, which is possible in view of the obvious inequality |ϕ + tψ| − |ϕ| t ≤ |ψ|.
As for the relations (3.7) and (3.8), for any close subdomain E ⋐ D \ {a 1 , . . . , , a n } the integral E |ϕ + tψ|dxdy is an infinitely differentiable function of t, hence the derivation of these relations reduces to estimating the contributions of integrals of the form
over sufficiently small disks {|z − a j | < r}.
Now let f 0 be any function in Σ k (D * ) maximizing |J| over Σ k (D * ) (the existence of such f 0 follows from compactness). We may assume that its Beltrami coefficient µ f 0 is extremal in its class, i.e.,
Suppose that µ f 0 = tµ 0 for some t with |t| = k, (3.9) where µ 0 = |ϕ 0 |/ϕ 0 . (3.10) We show that for small k this leads to a contradiction.
First we establish the following important property of extremal maps which sheds light to the main underlying features. Pick in A 1 (D \ {a}) the functions
. Proof. Note that from (3.1) and (3.2), 13) and hence,
where J ′ id is defined by (3.1). Consider the auxiliary functional
where p is fixed and ξ ∈ C. Then, similar to (3.14),
and the remainder term estimate is independent of p.
Using the properties of the norm
deduced from Lemmas 3.2 and 3.3 one obtains from (3.14), (3.16 ) that for small ξ there should be h ′ p (0) = 0, and max
Now fix k and consider the classes Σ τ k (D * ), τ < 1. Then from (3.17) we have
On the other hand, we have from (3.15) that as ξ → 0, τ → 0, there should be
with suitable choices of ξ → 0. Comparison with (3.18) implies the desired equalities (3.12), completing the proof of the lemma.
We now apply a geodesic holomorphic map F : T 1 → D from Theorem 1.2 defining the disk D(µ 0 ) as c T 1 -geodesic; it determines a hyperbolic isometry between this disk and D. We lift this map onto Belt(D) 1 by Λ(µ) = F • φ T 1 (µ) getting a holomorphic map of this ball onto the disk. The differential of Λ at µ = 0 is a linear operator P :
Since, by assumption, f 0 is not equivalent to f t 0 µ 0 with |t 0 | = κ, we have
Thus, by Schwarz's lemma, |a(k)| < k. The definition of ν 0 implies P (ν 0 ) = 0, thus
Since the functions ϕ 0 , ψ p , p = 0, 1, . . . , form a complete set in the space A 1 (D \ {a}), we have proved that ν 0 is orthogonal to all ϕ ∈ A 1 (D \ {a}), i.e., belongs to the set
Now we use the well-known properties of extremal quasiconformal maps (see e.g., [8] , [15] , [31] ). First of all, since µ f 0 is extremal for f 0 ,
moreover, by Hamilton-Krushkal-Reich-Strebel theorem such an equality is necessary and sufficient for µ ∈ Belt(D) 1 to be extremal for f µ . Hence, if f 0 is extremal in its class, then for any ν ∈ A 1 (D \ {a}) ⊥ ,
which implies
in contradiction to (3.19) . This proves the first part of the theorem.
The proof of the converse part (ii)) is much simpler. Lifting the original functional J with J(id) = 0 to
where π is a holomorphic universal covering of the domain
with uniform estimate of the remainder for |ζ| < |ζ 0 |, which implies the asymptotic equality (3.5).
The covering functional I generates a holomorphic map I : T 1 → D so that I = I • φ T 1 , and by (3.4), max
Restricting the covering map I to the extremal disk {φ T 1 (tµ * 0 ) : |t| < 1} ⊂ T 1 (where µ * 0 = |ψ 0 |/ψ 0 ), one derives by Schwarz's lemma that I(φ T 1 (tµ * 0 )) ≡ t. Thus the inverse to this map must be c Tgeodesic, which completes the proof of Theorem 3.1.
3.2.
A lower estimate for the bound k 0 (J). If the functional J is bounded on the whole class Σ 0 (D * ), and J(id) = 0, grad J(id) = 0, one can derive from the proof of Theorem 3.1 similar to [17] an effective lower bound for k 0 (J):
Theorem 3.1 provides new various explicit estimates controlling the distortion in both conformal and quasiconformal domains simultaneously. A similar theorem is valid also for univalent functions on bounded quasidisks D, for example, for the canonical class S k (D) of univalent functions in D normalized by f (z) = z + c 2 z 2 + . . . near the origin (provided that z = 0 ∈ D) and admitting k-quasiconformal extensions to C which preserve the infinite point. Earlier only very special results have been established here (see [12] , [15] , [25] , [26] ). 4. New phenomena 4.1. Rigidity of extremals. The intrinsic connection between the extremals of the distortion functionals on functions with quasiconformal extensions and complex geodesics causes surprising phenomena which do not appear in the classical theory concerning all univalent functions. The differences arise from the fact that in problems for the functions with quasiconformal extensions the extremals belong to compact subsets of Σ 0 (D * ) (or in other functional classes), while the maximum on the whole class is attained on the boundary functions.
The following consequence of Theorem 3.1, part (ii), provides strong rigidity of extremal maps.
Corollary 4.1. In any class of univalent functions with κ-quasiconformal extension, no function can be simultaneously extremal for different holomorphic functionals (3.4) unless these functionals have equal 1-jets at the origin.
4.2.
Example: the coefficient problem for functions with quasiconformal extensions. We mention here an improvement in estimating the Taylor coefficients. Though the Bieberbach conjecture for the canonical class S of univalent functions f (z) = z + ∞ 2 a n z n in D has already been proved by de Brange's theorem, the old coefficient problem remains open for univalent functions in the disk with quasiconformal extensions. The problem was solved by the author for the functions with sufficiently small dilatations.
Denote by S k (∞) and S k (1) the classes of f ∈ S admitting k-quasiconformal extensions f to C normalized by f (∞) = ∞ and f (1) = 1, respectively. Let
This function can be regarded as a quasiconformal counterpart of the well-known Koebe function which is extremal for many functionals on S (see, e.g. [10] , [30] ). As a special case of Theorem 3.1, we have a complete solution of the Kühnau-Niske problem:
Theorem 4.2.
[17] For all f ∈ S k (∞) and all k ≤ 1/(n 2 + 1),
with equality only for the functions
The estimate (4.2) also holds in the classes S k (1) with the same bound for k.
Until now, no estimates have been obtained for arbitrary k < 1, unless n = 2; in the last case, |a 2 | ≤ 2k with equality for the function (4.1) when |t| = k.
The rigidity provided by Corollary 4.1 yields that the function (4.1) cannot maximize |a n | in S k (∞) even for one k < 1, unless n = 2. Hence, for all k < 1,
For n = 3, this estimate was established also by Kühnau-Niske [28] using elliptic integrals.
Comparing the coefficients a n of f 1,t and f n−1,t , one derives from (4.2) and (4.4) the rough bounds for the maximal value k n of admissible κ in (4.2): 0 (see [15] , [2] , [9] , [32] , [36] ). But until now no explicit estimates have been established. We establish here some general explicit bounds for the functions univalent in the generic disks using complex geodesics in the space T 1 . 
Note that these classes with over-determined normalization contain nontrivial maps f µ = id for any k < 1, which is insured by Lemma 2.3.
Our aim is to estimate on such over-normalized classes the functionals 
defining the distortion estimates in Theorem 3.1 can have at most a finite number common points with this set Z. This shows also that the classes Σ k (D * , 1, e) contains the maps with dilatations close to 1.
4.4.
Sharp explicit bounds for small dilatations. The following distortion bounds involve L 1 -distance between the functional derivative ψ 0 and span L(e); these bounds hold also in the case when some fixed points e s ∈ ∂D.
Theorem 4.3. For every functional (4.7) and any finite set e of fixed points defined above, there exists a positive number k 0 (J, e) < 1 such that for all k ≤ k 0 (J, e), we have for any function f ∈ Σ k (D * , 1, e) the sharp bound
with uniformly bounded ratio O(κ 2 )/κ 2 . Here κ = κ(k) < k is the bound for Teichmüller norms of f ∈ Σ k (D * , 1, e) (i.e, regarding these f as the functions of Σ(D * , 1) with omitted restrictions (4.8)),
with some constants ξ 1 , . . . , ξ m and
These constants are determined (not necessary uniquely) from the equalities
and from condition that the norm of functional f e , ρ on L 1 equals 1.
Proof. In view of Theorem 3.1, the functional J can be regarded as a linear functional on the span generated in A(D) by ψ 0 . Since the points e s are preserved, the variation of J must be orthogonal to L(e). By the Hahn-Banach theorem, there exists a linear functional l on L 1 (D) such that
and this norm is minimal on the spaces
It is generated by l(ψ) = td for ψ ∈ L 0 and extended to L 1 (D) preserving the norm. Hence, for any other linear functional l on L 1 (D) satisfying (4.13) must be l L 0 ≥ 1. We need to take κl(ψ).
The functional l is represented on L 1 (D) via
Since the norm of l on the widest space L 1 (D) is attained on its subspace L(e), the function ν 0 is of the form ν 0 (z) = |ψ e (z)|/ψ e (z) with integrable holomorphic ψ e on D \ {e m } given by (4.10).
After extending ν 0 by zero to D * , which yields an extremal Beltrami coefficient ν 0 ∈ Belt(D) 1 for our holomorphic functional J (with possible pole at the point e m ), one can represent the map f tν 0 by (4.10) getting from the second equality in (4.14) and from indicated minimality of l the estimate (4.12).
However, this k-quasiconformal map can move the fixed points e s to f 0 (e s ) = e s + O(k 2 ) = e s + O(κ(k) 2 ), where f 0 = f ν 0 . For correction, one needs to apply additional O(k 2 )-quasiconformal variation h 0 by Lemma 4.3.
It can be shown, using the uniqueness of Teichmüller extremal maps generated by integrable holomorphic quadratic differential that this ψ e is unique in A 1 (D \ {e m }).
The assertion on uniform bound for the remainder in (4.9) follows from the general distortion results for quasiconformal maps (see [15] ), completing the proof. Remark 1. The assumption f (1) = 1 can be replaced by f (0) = 0 ∈ D; then the fixed point e m must be chosen to be distinct from the origin. , c ∈ C.
In contrast to Theorems 3.1 and 4.3, the bound (4.15) is not sharp.
Similar results are valid also for the over-normalized functions in bounded quasidisks. We illustrate those again on the coefficient problem:
Find max |a n | (n ≥ 2) for the functions f ∈ S k (∞) leaving a given set e = (e 1 , . . . , e m ) ⊂ ∂(D * \ {∞}) fixed (hence some e s = ∞).
Theorem 4.5. For any n ≥ 2, there is a number k n (e) < 1 such that for k ≤ k n and all f ∈ S k (∞), which fix a given set e = (e 1 , . . . , e m ), we have the sharp bound The constants c, ξ s are determined from the equations of type (4.12), and the remainder in (4.16) is estimated uniformly for all k ≤ k n .
Remark 2. The distortion bounds of type (4.9) given by Theorem 4.4 and its corollaries hold in somewhat weakened form (up to terms O(k 2 )) for the maps preserving an infinite subset e in D, provided that the corresponding class Σ k (D * , 1, e) contains the functions f µ = id. The proof is similar but now the quadratic holomorphic differentials ψ e defining the extremal functions are represented instead of (4.10) in the form ψ e = ψ 0 + ψ, ψ ∈ L(e) and there are no variations of type Lemma 4.3 for the infinite sets.
4.6. Shift-like theorems. The above theorems also make a progress in solving old question related to Teichmüller's Verschiebungssatz of 1944. This theorem provides explicitly the extremal map among quasiconformal automorphisms of the disk D preserving fixed all boundary points and moving a given point z 0 ∈ D into a given w 0 . It found interesting applications. There were given some its modifications, but until now no finite dimensional analogs (i.e., for finite sets of fixed boundary points) have been established. with d defined by (4.11) . This estimate is sharp.
The problem of establishing sharp explicit global distortion estimates for over-normalized maps, even such as Theorem 3.1, is very complicated and remains open.
I am thankful to the referee for his comments and suggestions.
